The basic properties of -spaces are discussed and a generalized left separated space is introduced with -space. Generalized metric spaces that are -spaces and the behavior of the -property with respect to the mappings is discussed in this paper.
I. Introduction
E.K.Van Douwen and W.F.Pfeffer has introduced the concepts of -spaces in 1979. In this paper we show that spaces with additional structure such as a base property or generalized metric property are -spaces. Definition 1.1. [1] A neighbourhood assignment for a topological space ( , ) is a function : → such that ∈ ( ) for each ∈ . is said to be a -space if for every neighbourhood assignment , there is a closed discrete subset of such that ( )\ ∈ covers . Definition 1.2. [2] We say that the positive cardinality of a family of sets in does not exceed a cardinal number , if for each the cardinality of the collection of all members of containing , does not exceed . If the pointwise cardinality of a family does not exceed ℵ 0 , the family is said to be point countable. Theorem 1.3. Every space with a point-countable base is a −space. Proof: Let be any arbitrary neighbourhood assignment on . Since is a base for , for each ∈ we can fix ∈ such that ∈ ⊂ . Then is also a neighbourhood assignment on . be a developable space with a development < . Then define by , = 1 ∈ ( , ) . By definition of ( , ), if ∈ ( , ) , then ∈ ( , ). Hence , = , . Also , ≥ 0 whenever
So is a semimetric on .For any ∈ , = ∈ , < = ∈ 1 ∈ ( , ) < . i.e., consists precisely those ∈ ( , )with 1 ∈ ( , ) < . Hence for any neighbourhood of there exists > 0, such that ⊂ . Hence > 0 is a neighbourhood base at each ∈ . Hence is a semimetrizable space. Definition 1.11. [5] A topological space is said to be semistttratifiable if for each open set ⊂ one can assign a countable sequence < of closed subsets of such that 1. ⋃ < = .
2.
⊂ whenever ⊂ , where < is the sequence assigned to . Equivalently another definition of a semistratifiable space can be stated as follows: A topological space is said to be semistratifiable if for each closed set ⊂ One can assign a countable sequence ( , < of open subsets of such that 1. ⋂ < , = 2. If is closed with ⊆ then ( , ) ⊆ ( , ) for all < . Theorem 1.12. Every semimetrizable space is semistratifiable. Proof. Let X be a semimetrizable space with semimetric . Let be a closed subset of and
is a countable sequence of open sets in .For any ∈ , ∈ 1 2 ( )° for each < . Hence ∈ ( , ) for each < .Hence ∈ ⋂{ ( , )/ < }.Therefore ⊆ ⋂{ ( , )/ < }.Similarly⋂{ ( , )/ < } ⊆ .Also if is any closed set with⊆ , then ( , ) ⊆ ( , ) for all < . Hence is a semistratifiable space. Theorem 1.13.Semistratifiable spaces are -spaces. Proof. Let( , ) be a semistratifiable space. To each ∈ we can assign a sequence ( , ) < of closed subsets of such that = ⋃ < ( , ) and ( , ) ⊂ ( , )whenever⊂ . Let : → be a neighbourhood assignment in with range space ∈ . Let = ∈ ( , and = ∈ ∈ . Note that = ⋃ < . Let 0 be the smallest element< such that 0 and 0 ≠ ∅ . By transfinite induction pick ∈ 0 , < 0 such that 1. < < 1 implies ∉ 2.
\ 0
′ ⊂ ⋃ < 1 Again we get 1 = / < 1 is a closed discrete subset of and letting 1 ′ = ⋃ < 1 we get that
Hence by ordinary induction we can find integers < 1, < 2, … and closed discrete subsets ⊂ , < such that
. we see that{ / ∈ } covers due to (1) . To show that is closed discrete subset of . Pick ∈ and let be the smallest integer such that is in some with ∈ . Then = ( / ⋃ =0 )⋃{ } is a neighbourhood of such that ⋂ = { } which shows that is closed and discrete. Since is closed and discrete and{ / ∈ }covers , is a -space. Definition 1.14. [5] Suppose is a topological and : × → [0, ∞) such that for all ( , ) ∈ × ,  , = ( , )and  , = 0 if and only if = . The function is said to be symmetric for provided for all non-empty ⊆ , is closed in if and only if inf { ( , )/ ∈ } > 0 for every ∈ \ and is said to be symmetrizable with symmetric . Notation 1.15. For ∈ and ∈ , let ( , 1/ ) = { ∈ / ( , ) < 1/ }. Claim 1. ⊆ . Claim 2. = { ( )/ ∈ }covers . Proof. For any ∈ find ∈ such that ∈ ( ) . If ∈ ( )then ∈ ( ) ⊆ ⋃ . If ∉ ( ) then ∈ (⋃{ ( )/ < , ∈ ( )})⋃(⋃{ ( )/ ∈ ( ), < }) ⊆ ⋃ Claim 3. is a closed discrete set in ⋃ and hence in .
Proof: This follows if we show that for any ∈ , \ is closed. To this end we may assume = ⋃ and let ∈ \( \ ). It suffices to find a weak neighbourhood of such that ⋂ \{ } = ∅. Let be the first element ofℕ such that there is a first element of J( )where ∈ ( ). Now for all ∈ with < we have, ∉ ( ). Also for all ∈ with < we have, ( , 1/ ) ⊆ ( , 1/ 2 ) ⊆ ( ) and ∉ , so ∉ ( , 1/ ). That is, ⋂ ( , 1/ ) is a weak neighbourhood of with ⋂ ( , 1/ )⋂ \{ } = ∅. If = claim 3 stands proved.If ≠ , then since ∈ we know ≠ and there is ∈ ℕ such that ∉ ( , 1/ ). This gives = ( , 1/ )⋂ ⋂ ( , 1/ ) as the weak neighbourhood of with ⋂ \{ } = ∅ . Hence is closed and discrete in . Therefore is a -space. Corollory 1.16. The quotient compact image of a metrizable space is a -space. Proof: Since the quotient compact image of a metrizable space is symmetrizable, is a -space. . Definition 1.17. [3] A collection of subsets = ⋃ / ∈ of a topological space is said to be a weak base provided  To each ∈ , every member of contains  For any 2 members 1 and 2 of there exists 3 ∈ such that 3 ⊂ 1 ⋂ 2  determines the topology of in the following way: A set ⊂ is open in if and only if for all ∈ , there exists ∈ with ⊆ . Definition 1.18. [6] A space is said to be sequential if for every non closed subset ⊆ there exists a sequence < in which converges to some ∈ \ . Definition 1.19. [3] If is a sequential space and ∈ ⊆ , we say that is a weak neighbourhood of if whenever < converges to then < is eventually in . The next proposition says that in a sequential space the collection of weak neighbourhoods is a weak base for . of subsets of a sequential space is said to be a -system for the topology on if whenever ∈ ⊆ , with open, there exists a subcollection ⊆ such that ∈ ⋂ , ⋃ is a weak neighbouhood of and ⋃ ⊆ . Proposition 1.22. If : → is a quotient map from a space onto a 2 sequential space and is any base for the topology on then = ( )/ ∈ is a -system for . Proof. Let ⊆ , with open. We need to find a subcollection ⊆ such that ∈ ⋂ , ⋃ is a weak neighbourhood of , and ⋃ ⊆ . In , let = { ∈ / ⋂ −1 ( ) ≠ ∅ and ⊆ −1 ( )} and let = ( )/ ∈ . Clearly ∈ ⋂ and⋃ ⊆ . To show that⋃ is a weak neighbourhood of , suppose < converges to ; then we need to show that < is eventually in⋃ . If this is not the case there would be a subsequence missing⋃ completely so without loss of generality we may assume / < ⋂ ⋃ = ∅. Since is 2 a we see that / < ⋃{ } is closed in and
is a closed saturated set in . This says / < is a closed set in , a contradiction. Hence = ( )/ ∈ is a -systemfor . Theorem 1.23. A sequential space with a point countable -system is a -space. Proof. Let be a point countable -system for and for each ∈ let denote { ∈ / ∈ }. Suppose = { ( )/ ∈ } is the range space of neighbourhood assignment for . For every ∈ pick a subcollection ⊆ , such that ∈ ⋂ , and = ⋃ is a weak neighbourhood of and ( ) ⊆ ( ). For ∈ , let ℍ denote the countable set { ∈ / ∈ ∈ ⋃ ∈ }. Consider ℍ to be well ordered with an order type as a subset of . Identify the centers of elements of ∈ ℍ by letting  = { ∈ / ∈ }  = ⋃{ ( )/ ∈ ℍ }. By a recursion process we will identify an ordinal , countable sets ⊆ , < and open sets = ⋃{ ( )/ ∈ } so that ⋃ < = and = ⋃ < is closed and discrete in . So { ( )/ ∈ } would be the subcover of satisfying -space property. For an ordinal , assuming that and , for all < , have been defined, continue the process as follows: If ⋃ < = , we stop and let = . If ⋃ < ≠ , pick some ∈ \⋃ < .
Next we find by induction on an increasing sequence ∈ of finite subsets of , with the initial 0 = , as follows: Given that is defined and ∈ , let = ( \ ∈ \ < , = ∈ / ( ) ≠ ∅ For ∈ , let , = , ∈ ℍ / ⋂ ( ) ≠ ∅ . Now let , , = 1, 2, … , , , be the first , elements ofℍ such that ⋂ ( ) ≠ ∅ and pick ( , ) ∈ ( )⋂ ( , , ), for each . We let +1 = ⋃ ( , )/ ∈ , 1 ≤ ≤ ( , ) . If some = ∅ then = +1 = +2 = ⋯ In any case the resulting , ∈ , form an increasing sequence of finite sets. Now we let = ⋃ ∈ . That concludes the recursion process which defines the countable sets ⊆ , for < , and open sets = ⋃{ ( )/ ∈ }. It is clear from the construction that⋃ < = . The following two observations follow from the construction above:
